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Abstract
In this paper, we consider a cosmological model of the flat and homogeneous universe for
the Starobinsky model F (R) = αR+βR2, which is non-minimally coupled with f -essence. For
this model we obtained the field equations and considered particular solutions of the coupling
and fermionic field functions. It is shown that the fermionic field can describe a nature of the
universe.
1 Introduction
As it is known, the main theory describing gravitational phenomena in nature is general theory of
relativity (GR). A correctness of this theory is confirmed by various experimental and observational
data. However, GR can not fully describe some dynamics of evolution of the universe such as an
accelerated expansion of the universe [1,2]. The most acceptable hypothesis for explaining this
expansion of the universe is dark energy (DE), but the nature of DE has not been established
yet. At the present time various alternatives of GR have been proposed. One of such alternative
theories is the theory of F (R) gravity, where F is some function of Ricci scalar R (see the works
[3, 4]). Also, some cosmological aspects of F (R) gravity with various matter fields were considered
in reference [5-9]. The Starobinsky model is one of examples of were the studied F (R) gravity [10].
In referens [11-16] various applications of this theory in cosmology.
In last years, there has been increased interest in cosmological models with fermionic fields [17-
21]. Fermionic field in the early era of the evolution of the universe plays the role of an inflaton, in
the late era of the evolution of the universe it plays the role of dark energy. Recently, was proposed
model with non-canonical form of kinetic energy for the fermionic field, well-known as f -essence
(see the works [22-26]).
In this work, we consider the Starobinsky model non-minimally coupled with f -essence for ho-
mogeneous and isotropic Friedmann-Robertson-Walker (FRW) metric. The corresponding equa-
tions of motion are determined and solution for scale factor in quasi-de Sitter is obtained. Moreover,
the cosmological parameters such as Hubble parameter, equation of state parameter and decelera-
tion parameter are found. The results obtained satisfied models of dark energy and able to describe
the late time evolution of the universe.
We adopted the signature as (+,−,−,−) and natural units 8piG = c = ~ = 1.
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2 Action and equation of motion
In this section, we consider the Starobinsky model that non-minimally coupled with f -essence for
the FRW metric. In general, F (R) gravity is expressed through action, as
S =
∫
d4x
√−g
(
1
2k
F (R) + Lm
)
, (2.1)
where k = 8piG
c4
, g is the determinant of the matrix tensor gµν , F (R) is some function of Ricci
scalar R and Lm is matter Lagrangian. Varying this action by the metric tensor, we obtain the
following equation of motion
F (R)Rµν − gµνF (R) + [gµν −∇µ∇ν ]F (R) = kTµν , (2.2)
here µ, ν are indices running from 0 to 3 and Tµν is the energy momentum tensor, which is
determined from expression
Tµν = − 2√−g
δ (
√−gLm)
δgµν
. (2.3)
The dependence of the function F (R) on the Ricci scalar in this paper is given similarly to the
Starobinsky model F (R) = αR+ βR2, then the action (1) is rewritten as
S =
∫
d4x
√−g [h(u) (αR + βR2)+ 2K(Y, u)] , (2.4)
Here for this model u = ψ¯ψ is the biliniar function, ψ is fermion function and ψ¯ is its adjoint
function, h(u) is some function, representing the coupling with gravity and fermion field and
K(Y, u) is some modification of Lagrangian of the fermion fields.For K(Y, u) = Y − V is the
standard Lagrangian fermion field.
Together with the action (1), we consider the Friedman-Robertson-Walker metric
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) , (2.5)
where a(t) is a scale factor that depends only on the time t. For this metric, we have the following
expressions:
√−g = a3, R = 6
(
a¨
a
+
a˙2
a2
)
, Y =
1
2
i
(
ψ¯γ0ψ˙ − ˙¯ψγ0ψ
)
,
where a dot on a symbol means differentiation with respect to time t.
Hence for the metric (5), we can be rewritten the action (4) as
S =
∫
d4xa3
[
h
(
αR+ βR2
)− λ(R− 6 a¨
a
− 6 a˙
2
a2
)
+ 2K
]
. (2.6)
By varying this action with respect to R, we can determine the Lagrange multiplier λ as
λ = σih (α+ 2βR) .
In the case of σ1 = 0, we have λ = 0 or for σ2 6= 0, then, respectively, λ 6= 0. The second case
corresponds to a cosmological model with a Lagrangian multiplier. In this paper we shall consider
the second case.
Consequently, we can write the point-like Lagrangian as
L = 6αaha˙2 + 6αa2a˙h˙+ βa3hR2 + 12βahRa˙2 + 12βa2Ra˙h˙+ 12βa2ha˙R˙− 2a3K. (2.7)
Further we use the Euler-Lagrange and the Hamiltonian constrain equations
∂L
∂qi
− d
dt
∂L
∂q˙i
= 0,
2
EL =
∂L
∂a˙
a˙+
∂L
∂R˙
R˙+
∂L
∂ψ˙
ψ˙ +
∂L
∂ ˙¯ψ
˙¯ψ − L = 0,
where qi are generalized coordinates, depends of variables a, R, ψ and ψ¯. Or in a more detailed
form
∂L
∂a
− d
dt
∂L
∂a˙
= 0, (2.8)
∂L
∂R
− d
dt
∂L
∂R˙
= 0, (2.9)
∂L
∂ψ
− d
dt
∂L
∂ψ˙
= 0, (2.10)
∂L
∂ψ¯
− d
dt
∂L
∂ ˙¯ψ
= 0, (2.11)
EL =
∂L
∂a˙
a˙+
∂L
∂R˙
R˙+
∂L
∂ψ˙
ψ˙ +
∂L
∂ ˙¯ψ
˙¯ψ − L = 0. (2.12)
We can determine the corresponding of the field equations for our model as
R = 6
(
a¨
a
+
a˙2
a2
)
, (2.13)
3α
(
a˙2
a2
+
a˙
a
h˙
h
)
+ 6β
(
a˙2
a2
+
a˙
a
h˙
h
+
a˙
a
R˙
R
− 1
12
R
)
R− 1
h
(Y KY −K) = 0, (2.14)
α
(
a˙2
a2
+ 2
a¨
a
+ 2
a˙
a
h˙
h
+
h¨
h
)
+2β
[
R¨+ 2
(
a˙
a
+
h˙
h
)
R˙+
(
a˙2
a2
+ 2
a¨
a
+ 2
a˙
a
h˙
h
+
h¨
h
− 1
4
R
)
R
]
+
1
h
K = 0,
(2.15)
KY ψ˙+ 0.5
(
3
a˙
a
KY + K˙Y
)
ψ− iKY γ0ψ− 3i
[
α
(
a˙2
a2
+
a¨
a
)
+ 2β
(
a˙2
a2
+
a¨
a
− 1
12
R
)
R
]
huγ
0ψ = 0,
(2.16)
KY
˙¯ψ+0.5
(
3
a˙
a2
KY + K˙Y
)
ψ¯+ iKuψ¯γ
0+3i
[
α
(
a˙2
a2
+
a¨
a
)
+ 2β
(
a˙2
a2
+
a¨
a
− 1
12
R
)
R
]
huψ¯γ
0 = 0.
(2.17)
Also, we can rewrite this system of equations in the values of the Hubble parameter H = a˙
a
in
the following form
R = 6H˙ + 12H2, (2.18)
3α
(
H2 +H
h˙
h
)
+ 6β
(
H2 +H
h˙
h
+H
R˙
R
− 1
12
R
)
R− 1
h
(Y KY −K) = 0, (2.19)
α
(
3H2 + 2H˙ + 2H
h˙
h
+
h¨
h
)
+2β
[
R¨+ 2
(
H +
h˙
h
)
R˙+
(
3H2 + 2H˙ + 2H
h˙
h
− 1
4
R
)
R
]
+
1
h
K = 0,
(2.20)
KY ψ˙+0.5
(
3HKY + K˙Y
)
ψ−iKY γ0ψ−3i
[
α
(
2H2 + H˙
)
+ 2β
(
2H2 + H˙ − 1
12
R
)
R
]
huγ
0ψ = 0,
(2.21)
KY
˙¯ψ+0.5
(
3HKY + K˙Y
)
ψ¯+iKuψ¯γ
0+3i
[
α
(
2H2 + H˙
)
+ 2β
(
2H2 + H˙ − 1
12
R
)
R
]
huψ¯γ
0 = 0.
(2.22)
In order to describe the dynamics of our universe, we need from system equations (13)-(17)
or (18)-(22) to determine a dependence of the scale factor a and Hubble parameter on the time
t. However, we can see these systems are higher-order differential equations and from which it
following that not easy to obtained of their analytical solutions. Also, we need to determine the
form of the function h and K from equations (13)-(17). In the next section, we will borrow a
solution to these problems.
3
3 Cosmological solution
From the metric (5), we shows that the main parameter which describes the dynamics of the
evolution of a homogeneous and isotropic universe is a scale factor a. The dependence of the
scale factor a on the cosmological time can be determined from the system of equations (13) -
(17). However, as can be seen, this system consists of a high order nonlinear differential equations,
the solution of which is a difficult task, as well as the need to determine the explicit form of the
functions h and K. In this paper, we confine ourselves to the consideration of particular solutions
of these functions. To do this, we define in the beginning the form of the function h(u) and K(Y, u)
in the form
h = h0u
n,K = KoY − V0u, (3.1)
where n, K0, V0 and h0 are some constants. Further, substituting these solutions into equations
(16) and (17), and multiplying both sides of equation (16) by a function ψ† and, respectively,
equation (17) is multiplied by a function ψ, then equating them and taking into account that we
have the following expression
u˙+ 3
a˙
a
u = 0. (3.2)
Integrating this equation, we obtain the dependence of the parameter u on the scale factor a as
u =
u0
a3
, (3.3)
where u0 is a integration constant.
In the next place Further, substituting expressions (23) and (25) into equations (13) and (14),
we define the following expressions
2a2a˙a(3) + 2 (1− 3n) aa˙2a¨− a2a¨2 + α (1− 3n)
6β
a2a˙2 − 3 (2n+ 1) a˙4 − V0u
1−n
0
18βh0
a3n+1 = 0, (3.4)
For n = 1, α = 1 and β = 1 the equation (26) can be rewrite as
2a2a˙a(3) − 4aa˙2a¨− a2a¨2 − 1
3
a2a˙2 − 9a˙4 − Ca4 = 0, (3.5)
where C =
V0u
1−n
0
18βh0
. To solve equation (29) we confine ourselves to a solution of the form of the de
Sitter solution a = a0e
ξt, then we have the following characteristic equation
12ξ4 +
1
3
ξ2 + C = 0, (3.6)
solution of this equation
ξ = ±
√
−1±√1− 432C
72
.
Therefore, in order for the accelerated expansion of the universe to be fulfilled, it is necessary
to specify a condition under which the coefficient in the exponent is positive, that is, consider only
a positive value for C ≤ 0, then the determined scale factor will take the form
a = a0e
√
−1±√1−432C
72
t, (3.7)
finally, function u we obtain
u =
u0
a30e
3
√
−1±√1−432C
72
t
. (3.8)
So the Hubble parameter has
H =
a˙
a
=
√
−1±√1− 432C
72
= constant. (3.9)
4
Using expression of the parameter of equation of condition ω and deceleration q:
ω =
p
ρ
, (3.10)
q = − a¨a
a˙2
=
1
2
(1 + 3ω) , (3.11)
we define that
ω = −1, q = −1. (3.12)
4 Conclusions
Thus, in this paper we have considered some cosmological aspects of the Starobinsky model that
interact non-minimally with the f-essence for a flat and homogeneous universe. In the first section,
we gave a short introduction in the theory of gravity. In the second section, the Lagrange function
(7) was defined for the Friedman-Robertson-Walker metric and using the Euler-Lagrange equations
and the hamilton-energy condition determined the corresponding equations of motion (13) - (17).
As can be seen, these equations are higher-order nonlinear differential equations, the solution of
which is a complicated problem. Also, to solve the system (13) - (17) it is necessary to determine
the explicit form of the function h(u) andK(Y, u). In the third section we determined the following
dependence u = u0
a3
, and also considered the following particular solutions h = h0u
n,K = K0Y −
V0u. Substituting the values (23), (25) obtained for u, h and K to equation (14), we obtained a
third-order nonlinear differential equation depending on one variable a in the form (26). However,
the analytic solution of this equation turned out to be a complicated problem and we restricted
ourselves to a more compact form of this equation, that is, for the values of the constants n =
1, α = 1 and β = 1 equation (26) takes the compact form (27). To solve this equation, we
considered the de Sitter solution in the form a = a0e
xit, then using the characteristic equation
(28) we finally determined the dependence of the scale factor a on the time t, (29). Further, using
this result, we easily determined the Hubble parameter H , the parameter of the equation of state
ω and the deceleration parameter q, expressions (31) and (34). It is seen from expression (36)
that the parameter of the equation of state and the deceleration parameter are minus one, which
corresponds to the model of dark energy. This result is useful to describe the accelerated expansion
of the modern Universe and not to contradict modern astronomical observational data.
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